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ABSTRACT 



The metal-poor, fundamental-mode (P0) and first-overtone (PI) Cepheids in the dwarf galaxies IC 1613, WLM, Pegasus, Sextans A, 
Sextans B, and Leo A are compared with the about equally metal-poor Cepheids of the Small Magellanic Cloud (SMC). The period- 
color (P-C) and period-luminosity (P-L) relations of the seven galaxies are indistinguishable, but differ distinctly from those in the 
Large Magellanic Cloud (LMC) and the solar neighborhood. Adopting (m - M)® MC = 18.93 from independent evidence, one can 
determine reliable distance moduli for the other dwarf galaxies of (m - M)° = 24.34 ± 0.03, 24.95 ± 0.03, 24.87 ± 0.06, 25.60 ± 0.03 
(mean for Sextans A & B), and 24.59 ± 0.03, respectively. 



Key words, stars: variables: Cepheids - 
Clouds - cosmology: distance scale 



1. Introduction 



galaxies: individual: IC 1613, WLM, Pegasus, Sextans A and B, Leo A - galaxies: Magellanic 



It has been shown that the character of the period-luminosity 
(P-L) relations varies parti cularly at short wa velengths as a 
function of the metallicity (Sandage et al. 2009, in the follow- 
ing Paper III). This implies the prediction that the very low- 
metallicity Cepheids in IC 1613, WLM, and the Pegasus dwarf 
system should follow P-L relations that are more similar to 
those of the SMC than those defined by the more metal-rich 
Cepheids in the LMC and the Galaxy. The same prediction holds 
for the period-color (P-C) relations. The purpose of this paper 
is therefore to compare the P-L and P-C relations of the three 
above-mentioned galaxi es with th e corresponding, well-defined 
relations of the SMC (Pape r III but revised here in Sect. 
Fundamental-mode (P0) as well as first-overtone (PI) Cepheids 
are considered. 

In addition, we consider the Cepheids in Sextans A and 
Sextans B (joined here into one set) and in Leo A. The metal- 
licity of the young population in these galaxies is still lower by a 
factor of three to four than in SMC. The question is whether this 
additional underabundance has a noticeable effect on the P-L and 
P-C relations. 

The most metal-poor galaxy known, i.e. IZW18 with 
[0/H]r e =7.2 dSkillman & Kennicutllll993l) . is not considered 
here because so far only a single Cep heid is known in the useful 
period range dFiorentino et al.ll2010l) . 

Th e metallicities in the r e -based system of Zari tskv et al.l 
(1994) of the galaxies in the present sample and t heir Galactic 
foreground reddenings (from lSchlegel et aTlll998l) are given in 
Table Q] All data are corrected in the following for foreground 
reddening and absorption. 



The P-C and P-L relations of the P0 and PI Cepheids in the 
five sample galaxies and their distances are discussed in Sects. [3} 
[7] The mean P0 and PI distances are discussed in the light of in- 
dependent distance determinations in Sect. [8] In Sect. [9] we com- 
pare the P-C and P-L relations of the metal-poor sample galaxies 
with the corresponding relations for more metal-rich Cepheids. 



2. The P-C and P-L relations of SMC as templets for 
fundamental-mode (P0) and first-overtone (P1) 
pulsators 

The P-C and P-L r elations of the P0 Cepheids in SMC were de- 
rived in iPaper III] using the B . V, I photometry of the OGLE 
program dUdalski et al.ll999bh . Following common practice, the 
Cepheids with log P < 0.4 were excluded. The remaining about 
45 Cepheids ar e individually corrected for internal absorption 
bv lUdalski et all By performing fits to the data, we were unable 
to unambiguously decide whether the relations have a break at 
logf = 1.0 as in LMC or not. The (P-C) relation in (B-V) 
showed the break clearly, whereas in (V-I) and the P-L relations 
it remained insignificant. 

The analysis is repeated here by fitting two linear regressions 
to the total of about 1100 P0 Cepheids (including logP < 0.4) 
and tteating the position of the break as a free parameter. The ad- 
ditional requirement is a minimum discontinuity of the P-C and 
P-L relations at the break period. Higher-order regressions are, 
of course, possible, but the linear fits are adequate for all practi- 
cal purposes and facilitate the comparison with other galaxies. 
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Table 1. Metallicities and foreground reddening of the sample galaxies. 





[0/H] Te 


Source 


E(B-V) a . dl 


SMC 


7.98 


Sakai et al. 2004 


variable 


IC 1613 


7.86 


Sakai et al. 2004 


0.025 


WLM 


7.74 


Sakai et al. 2004 


0.037 


Pegasus 


7.92 


Skillman et al. 1997 


0.066 


Sex A & B 


7.52 


Skillman et al. 1989 


0.044, 0.032 


Leo A 


7.38 


Skillman et al. 1989: van Zee et al. 2006 


0.021 



In addition, the corresponding relations in (B-V), (V-I), and 
B, V, and / are deriv ed in Sec t. |Z2l also for the PI Cepheids of 
SMC as identified by lUdalski et al J (I 1 999bl) . 

The ver y large set of SMC C epheids with V and / pho- 
tometry by ISoszvnski et al.l d2010l) defines P-C and P-L rela- 
tions whose slopes agree with the ones derived here, but the 
magnitudes are not corrected for variable internal absorption. 
Therefore, the data were not used here. 

2.1. Fundamental-mode (P0) P-C and P-L relations of SMC 

The P-C relations in (B-V) and (V-I) of the P0 Cepheids 
of SMC are shown in Fig. & b. They are well-defined for 
Cepheids with about 0.0 < log P < 1.5 and show a striking break 
near logP = 0.55. At this point, the two regressions merge into 
each other with little discontinuity. The remaining mismatch is 
smaller than the statistical errors of the two segments. 

The P-L relations in B, V, and / are shown in Fig. QJ to 
e. Their highly significant break is found near logP = 0.55 in 
agreement with the P-C relations. For the calibration of the P-L 
relati ons, the distance of SMC of (m-M)° SMC = 18.93 is adopted 
from lTammann et al.l d2008al hereafter TSR08a, Table 7). This 
value with an estimated uncertainty of < 0. 1 mag is the mean of 
different distance determinations, but is independent of the P-L 
relation of Cepheids. All distances in this paper are based on this 
zero-point. 

The equations of the P-C and P-L relations, after 2<x clipping, 
are shown at the bottom of the respective panels in Fig.[TJfor the 
Cepheids below and above the break point; they are repeated in 
Table |5]below. 



2.2. First-overtone (P1) P-C and P-L relations of SMC 

The PI Cepheids of SMC span an interva l of -0.3 < log P < 0.6 . 
They were identified as PI pulsators by Udalsk Tet al.l (fl999b). 
but the sample still contains a few rather faint variables that are 
probably P0 Cepheids. The clearly broken P-C and P-L relations, 
corrected as before for variable internal absorption, are shown in 
Fig. [2] They are adequately fit by two linear regressions with 
different slopes. The slopes, even for different positions of the 
break point, are so similar to the slopes of the two segments of 
the P0 Cepheids that it is assumed that corresponding segments 
are parallel. In that case, the P-C and P-L relations yield a good 
compromise break at log P = 0.4. The equations of the different 
relations are given in Table|2]following the scheme x — a log P + 
b. 

The relative position of the P-L relation of fundamental- 
mode and first-overtone Cepheids suggests a period ratio at con- 
stant luminosity of metal-poor Cepheids of P0/P1= 1.4. 

We use the occasion to also revise here the P-C and P-L re- 
lation s of LMC. They were derived in iPaper III dSandage et alj 
2004) from a sample of 634 Cepheids using B, V, and / photom- 



etry bv lUdalski etal] {[999a) and other sources. The relations 
showed a highly significant break at log P — 1.0, but about 100 
Cepheids with log P < 0.4 were excluded. With the inclusion of 
these objects, the best-fit break point is shifted to logP = 0.9. 
The corresponding P-L relations are given in Table |5]below. 

3. IC1613 

The first 27 Cepheids in IC 1613 were found by W. Baade. 
He did not publish them because they defined a P-L relation 
much flatter than in LMC, which he suspected could be caused 
by a s cale error in his photographic mpg magnitudes. Sandage 
(119711) . after fitting the magnitudes into a photoelectric B scale, 
confirmed the flat slope, but showed that the deviations from 
the LMC slope could be explained by the intrinsic width of 
the instability strip and a statistical fluke. Freedman (1988a) 
determined CCD magnitudes in the UBV system for nine of 
Baade's Cepheids, but their number is too small to provide a 
reliable slope; she fitted them to the LMC P-L relation s , but a 
flatter slope fits the data at least as well. lUdalski et al.l (2001) 
provided mean VI magnitudes for many Cepheids in IC 1613 
and found no significant deviations from the LMC slope known 
at that time. Y et additional BVI phot ometry of the Cepheids 
in IC 1613 bv lAntonello et al. (2006) reopened the question 
of the agreement between IC 1613 and LMC, a question that 
gained new weight after the P-L and P-C relations of LMC 
were shown to display a pronounced break at log P - 1.0 
(Tammann & Reindl 2002; Tammann et al. 2002; Sandage et al 
2004, [Paper III; see also iKan bur & Ngeow 2004t iNgeow et al 



OOl). 

Cepheids in IC 1613 were found by Bernar d et al. d2010l) . which 



2005; iKoen & Siluvelel l2007t IKanbur et all 120071). Ad ditional 



have short or very short periods and are useful for the definition 
of the tails of the P-L relations. 

Several authors have obtained photometry of IC1613 
Cepheids in the near- or mid-infrared. These cannot, however, 
be compared with LMC or SMC, either because the number of 
Cepheids is too small or the corresponding data are missing in 
the Clouds. 

The Cepheids of IC 1613 are here compared with those of 
SMC. This is because the two galaxies have very similar metal- 
licities and as a consequence of this a significant population of 
very short-period Cepheids, in contrast to LMC. 

3.1. The data 

The following Cepheid data were used to define the P-L and P-C 
relations of IC 1613: 



1. lUdalski etal J (120011) obtained mean V and / photometry for 
138 Cepheids in the framework of the extensive OGLE II 
project (78 with logP > 0.4). They excluded the overtone 
pulsators, two type II Cepheids, two blends, and the outlyer 
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Fig. 1. The revised P-C and P-L relations of the PO Cepheids of SMC including the shortest-periods and with the adopted break at 
logP = 0.55. The dashed lines are the 2<x boundaries; objects outside are excluded, a) & b) The P-C relations in (B—V) and (V-I), 
respectively, c) - e) The P-L relations in B, V, and /, respectively. 

Table 2. P-C and P-L relations of first-overtone (PI) Cepheids in SMC. 



log P< 0.4 log P> 0.4 



(B- 


V)° 


0.191 ±0.021 


0.293 ± 0.003 


0.415 ± 0.020 


0.203 ± 0.007 


(V- 


if 


0.166 ±0.018 


0.458 ± 0.003 


0.311 ±0.016 


0.401 ±0.007 






-3.007 ± 0.076 


-1.461 ±0.013 


-2.091 ±0.071 


-1.827 ±0.030 


4 




-3.203 ± 0.060 


-1.759 ±0.010 


-2.531 ±0.056 


-2.028 ± 0.026 


My 




-3.374 ± 0.046 


-2.210 ±0.008 


-2.842 ± 0.043 


-2.423 ± 0.020 



13682 (= V39 from ISandagelll97ll) . We exclude in addi- 
tion the Cepheids with logf < 0.4 because their separation 
into fundamental and overtone pulsators is ambiguous. This 
leaves 60 fundamental pulsators in the sample. 
2. lAntonello et alj (2006) published m ean BVRI magnitud es of 
49 P0 Cepheids from the sample of lUdalski etailfcoOll) and 
3 additional ones. They observed them at only a few epochs, 
but used the known light curves in V and / to also con- 



struct the l ight cu rves in B and R following the method of 
iFreedmanl d!988al) . They provided mean B magnitudes for 
49, V magnitudes for 52, and / magnitudes for 51 Cepheids. 
(The R magnitudes are not considered here). Six of the 
48 Cepheids with three-color photometry fall outside the 
boundary defined by SMC in the (B-V) versus (V-/) di- 
agram (see Fig. [2^ below); these objects are excluded. 
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Fig. 2. The P-C and P-L relations of the PI Cepheids of SMC with the adopted break at logP = 0.4. The dashed lines show the 
locus of the P0 Cepheids. 



3. iDolphin et ail d2001l) added five P0 Cepheids with V and / 
photometry. 

4. iBernard et all (|2010) presented ACS HST photometry of 
many faint variables in IC 1613 including 49 Cepheids. 
Twenty-six Cepheids, all with VI photometry, are identi- 
fied by the auth ors as P0 pul s ators, 12 of which are also 
in the sample of lUdalski et alj d2001l) . Of the remaining 23 
Cepheids, 16 are classified as first-overtone (PI) pulsators. 
We tentatively added the 1 47-day Cepheid V22 with BVI 
photometry by iFreedmanl (11988a); the photometry should 
be confirmed bec ause other Cepheids fr om the same source 
agree poorly with lAntonello et ail d2006l) . 

The four samples were merged resulting in a sample of 124 
P0 Cepheids, of which 22 were excluded as outliers (marked in 
Fig-EJ in addition to those already discussed. Mean magnitudes 
from more than one source were averaged, as also done for the 
following galaxies. The final sample consists of 102 P0 Cepheids 
with V and / photometry, of which 68 have also B magnitudes. 
The 16 PI Cepheids have B, V, and / magnitudes. 



3.2. The P-C and P-L relations of IC 1613 

The P-C relations in (B-V)° and (V-/)° and the P-L relations 
in B, V, and / of the P0 Cepheids and the excluded variables are 
shown in the five panels of Fig. Q] 

The P-C and P-L relations in panels a-e are described well 
by the broken P-C and P-L relations of SMC adopted in Sect. [2] 
(full lines). In the case of the P-L relations, SMC was shifted in 
apparent magnitude to achieve the best fit. The break at log P = 
0.55 is clearly visible in all five panels. The scatter in the data 
for the IC 1613 Cepheids about the SMC relations in the five 
panels is the same as of the SMC Cepheids themselves. Forced 
linear fits over the whole period range for the IC 1613 and SMC 
Cepheids agree to within lcr. The relations of the two galaxies 
are indistinguishable. 

3.3. Derived parameters of IC 1613: reddening and distance 

The Cepheids with three-color photometry are plotted in a two- 
color diagram (B — V)° versus (V— 7)° in Fig. |4^, where the re- 
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Fig. 3. The P-C and P-L relations of the fundamental-mode (P0) Cepheids of IC 1613. The full lines are the corresponding relations 
of SMC. Forced linear fits over the whole period interval are shown as dashed lines (their equations are given at the bottom of each 
panel). The agreement between IC 1613 and SMC is striking. Cepheids excluded by the original authors (triangles) or by ourselves 
(diamonds) are shown as open symbols. 



gion defined by SMC Cepheids is also shown. The majority of 
the IC 1613 Cepheids lie within the SMC boundaries except six, 
which are identified in the figure. These stars are possible PI 
pulsators (cf. their position in Fig. |4£), but are excluded in the 
following discussion. 

A comparison of the colors (B— V)° and (V-I) of the P0 and 
PI Cepheids of IC 1613 with the P-C relation of SMC leads to 
their individual color excesses E(B-V) and E(V- T). The latter are 
transformed into E(B-V) (we note that E(V-I) = 1 .28£(B-V)). 
The mean values of E(B - V)s are adopted and plotted against 
period in Fig. 1^5. The slight period dependence is neglected. 
The scatter in the individual excesses of crE(B - V) = 0.06, 
which is smaller than in SMC (0.09), is due to the intrinsic color 
width of the instability strip. The overall mean internal excess 
of E(B-V) = 0.003 + 0.010 is negligible. The tacit assumption 
is that the intrinsic color of Cepheids in IC 1613 is the same as 
in SMC in agreement with their similar metallicities. If IC 1613 
Cepheids were intrinsically bluer, their blueness would have to 



be closely compensated for by the corresponding amount of in- 
ternal absorption, which seems far-fetched. 

The P-L relations in B°, V°, and 7° of the P0 and PI 
Cepheids are shown in Fig. 2J: to e. The IC 1613 data fit the 
SMC relations very well, their scatter being the same as for 
the SMC Cepheids proper. On the assumption that P0 and PI 
Cepheids in IC 1613 and SMC have the same luminosity and 
that (m - M)° MC = 18.93, the individual distances of IC 1613 
Cepheids are derived by comparing them with the correspond- 
ing P-L relations of SMC from Sect. [2] The resulting distances 
are plotted against period in Fig.|4f to h. A certain problem arises 
from the B data yielding distances that depend (mildly) on pe- 
riod. This general problem is addressed in Sect. [8] The mean dis- 
tances, derived from each color, read at the median period, are 
shown in the corresponding panels of Fig. [4] If averaged over all 
three colors, the P0 and PI Cepheids are found to correspond to 
(m-M)° = 24.32 + 0.02 and 24.38 + 0.03, respectively. We adopt 
a number-weighted overall mean of 24.34 ± 0.03. 
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Fig. 4. a) The two-color index diagram (B-V)° versus (V-I)° of the PO Cepheids of IC 1613. The region of SMC Cepheids is 
outlined. Cepheids outside this region are identified and shown as open diamonds. They are repeated in the following panels, but 
not used for the fits, b) The individual internal color excesses E(B-V) and E(V— I), combined here into mean values of (E(B-V)), 
as a function of log P. c-e) The cleaned P-L relations in B, V, and / of the PO Cepheids (dots) and PI (crosses) Cepheids. The full 
and thin lines are the SMC P-L relations for PO and PI pulsators, respectively, fitted to the data, f-h) The individual true distance 
moduli of the Cepheids of IC 1613 as a function of log P. The full lines are fits to only the PO Cepheids; their equations are indicated 
at the bottom of the panels. The mean distances, read at the median period P me d, are shown for PO and PI Cepheids for each color. 



Cepheid distances of IC 1613 have been determined by dif- 
ferent authors. A selection is compiled in Table|3]in chronolog- 
ical order. Distances that are based on assuming the LMC as 
their zero -point are normalized here to (m - M)^ MC = 18.52 
dTSR 08a. Table 6), those based on SMC are normalized to 
(m - M)g MC = 18.93. At first sight, the distances, even if based 
on the LMC, agree to within +0.1 mag. However, the agreement 
of the E(B-V) values in column 2 is poor in some cases. Total ex- 
cesses of E(B-V) > 0.06 (i.e. 0.035 mag in excess of the Galactic 



contribution) imply that the IC 1613 Cepheids are significantly 
bluer in (B - V) than even those in SMC, which invalidates the 
proposed use of the relatively red LMC Cepheids as a template. 

Four entries in Table [3] designated with a (W) in column 4, 
have above average distances. They were determined by means 
of so-called Wesenheit magnitudes mw, which are defined as 
m w (V) = mf s -R v (B-V) obs oim w (I) = m° bs -i?/(V-/)° bs , where 
R is the ratio of total to selective absorp tion. These pseudo- 
magnitudes were originally introduced by Ivan den Berghl <[l968) 
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Table 3. Cepheid distances of IC 1613. 



(m - Mf 


E{B-V) 


Cal. 


passband 


Source 


(1) 


(2) 


(3) 


(4) 


(5) 



24.55 


0.03 


Gal. 


m pg 


Sandaae 1971 


24.1 1 ± U.25 


0.05 


LMC 


B 


ae Vaucouleurs 19 /o 


24.31 ± 0. 1 1 


0.03 


Gal. 


H 


McAlary et al. 1984 


24.29 ±0.11 




LMC 


BVRIH 


Freedman 1988b 


24.41 ±0.14 


-0.04 


LMC 


BV(W) 




24.44 ±0.13 


0.03 


LMC 


BVRI 


Madore & Freedman 1991 


24.52 ±0.10 


(0.07) 


LMC 


VI(W) 


Macri et al. 2001 


24.45 ± 0.07 


0.025 


LMC 


VI(W) 


Udalski et al. 2001 


24.44 ±0.13 




SMC 


VI(W) 


Dolphin et al. 2003 


24.31 ±0.04 


0.09 


LMC 


JK 


Pietrzyriski et al. 2006 


24.25 ± 0.20 


0.07 : 


LMC 


BVRI 


Antonello et al. 2006 


24.48 ±0.12 


0.024 


LMC 


BVRI 




24.32 ± 0.02 


0.025 


SMC 


BVI 


TSR08a 


24.29 ±0.12 


0.08 


LMC 


3.6; 4.5 /an 


Freedman et al. 2009 


24.30 ± 0.07 




LMC 


3.6; 4.5/im 


Ngeow et al. 2009 


24.34 ± 0.03 


0.025 


SMC 


BVI 


present paper 



mean distance from the V and / magnitudes is (m - M) p0 = 
24.93 + 0.03. 

Treating the ten PI Cepheids in an analogous way gives 
mean distances in V and / as shown in panels e & f of Fig. [5] 
and, if combined, (m - M) pl = 25.01 ± 0.02. 

A number-weighted mean of the P0 distances and the some- 
what larger PI distances gives (m-M)° = 24.95+0.03 for WLM, 
which we adopt. 

The distance modulus of (m - M)° = 2 5.16 (normalized 
to (m - M)^ MC = 18.52) of iPietrzvriski et all derived from the 
same data, yet based on Wesenheit pseudo-magnitudes and us- 
ing LMC as a templet, is 0.21 mag larger t han found he r e. The 
modulus of (m - M)° = 24.94 ± 0.04 of lGieren etail (2008) 
is close to the present solution, but the proposed large redden- 
ing of E(B - V) = 0.08 mag, implying an internal reddening 
of E(V-I) = 0.03, would make the WLM Cepheids unusu- 
ally blue. The modulus of 24.86 + 0. 14 from four Cepheids with 
J magnitudes (IValcheva et al.ll2007h is in statistical agreement 
with the present value, which is perfectly matched by the value 
of 24. 95 + 0.10 from fou r Cepheids with 3.6 and 4.5 fim magni- 
tudes dNgeow et al.ll2009l) . 



and have been widely used since to account for absorption in 
an approximate way. However, the method is only applicable to 
Cepheids with identical P-C relations, i.e. of the same metallic - 
ity. In the case of different intrinsic colors, not only the redden- 
ing but also the intrinsic color difference is multiplied with the 
value R, which leads to systematic distance errors. 



4. WLM 

ISandage & Carlsonl d!985al) found the first 15 Cepheids in 
WLM, all of which have periods shorter than 10 d , and provided 
their light curves in B. F or five of them. | Valcheva et al.l (2007) 
determined J magnitudes. Pietrzy riski et alJ d 2007l) published the 
data of 59 Cepheids with V and I magnitudes, which include 
data fo r 14 of the Cepheids by Sandage & Carlson [ | Gieren et"afl 
(2008) added J and K magnitudes for 31 of Pietrzvriski's et al. 
Cepheids. No PI Cepheids had previously been identified in 
WLM. 

The P-C a nd P-L relations of the Cepheids by 
iPietrzvriski et all corrected for for eground reddening of 
E(V-I) = 0.047 dSchlegel et alj [l998). are exhibited in Fig.|5jt 
to c where the corresponding relations of SMC are drawn as 
full lines. Three objects are excluded by the authors as being 
blends or overtone pulsators; one additional outlier (cep55) was 
excluded by us. Of the remaining 55 Cepheids, 45 are accepted 
as P0 Cepheids, the remainder very likely being PI pulsators. 
With this interpretation, the match of WLM with SMC becomes 
impressively good. The scatter of the points about the SMC 
templets is almost the same as that of the SMC Cepheids. 

The comparison of the (V - 1) colors of the P0 and PI 
Cepheids with the adopted SMC P-C templets leads to the in- 
dividual color excesses as a function of period (Fig. [SJl). The 
regression (dashed line), whose equation is given at the bottom 
of the panel, is flat and suggests a slightly negative mean color 
excess (-0.027 + 0.041 mag). We interpret this as zero internal 
absorption. 

The 45 P0 magnitudes in V and / yield, if compared with the 
absolute magnitudes from the P-L relation of SMC, individual 
distances as a function of log P (Fig.|5^ & f). The dependence of 
the distances on log P is insignificant. Their mean values, read 
at the median period, are indicated in the respective panels. The 



5. Pegasus = DD0216 

The first 6 Cepheids discovered in Pegasus , a peculiar dw a rf sys- 
tem, were measured in R magnitudes by Hoes sel et alJ (l990) 
whose discussion led to a modulus of (m - M)° = 26.22, which 
is certainly too large. IMeschin et ail d2009) determined V and / 
magnitudes for 18 P0 Cepheids as well as for 8 Cepheids that 
they identified as PI pulsators. These two groups are compared 
in the following with the corresponding, calibrated templets of 
P-C and P-L relations pr ovided by SMC in Sec t. El 

The P0 Cepheids of IMeschin et al.l d2009l) ar e shown, after 
corre ction for the Galactic color excess of 0.066 dSchlegel et al.l 
119981) (Schlegel et al. 1998), in the period-color plane of Fig.|6}i, 
where the P-C relation of SMC is overplotted. The rather red 
Cepheids appear to follow a shallow P-C relation, but the scatter 
in their data is very large (0.20 mag). The mean color excess de- 
rived from Fig. |6}i of E(V-P) = 0.103 +0.085, formally decreas- 
ing with period, is very poorly determined. We interpret this as 
zero absorption for the moment, but return to this point below. 

The P-L relations in V and / of the P0 and PI Cepheids are 
shown in Fig. |6j) and c together with the fitted SMC templets. 
Eye inspection shows the fits to be excellent. The scatter in V of 
the Pegasus Cepheids about the SMC line is essentially the same 
as for the SMC Cepheids. The scatter in / is here larger than in 
SMC, suggesting that mainly the / magnitudes cause the large 
scatter in (V-I). Hence, the latter may be affected by observa- 
tional errors. 

A comparison of the individual P0 Cepheids with the cali- 
brated SMC P-L relations leads to the individual distance mod- 
uli plotted versus logP in Fig. [6^ & f . Allowing for their mild 
increase with log P - the notorious effect is discussed further in 
Sect. [8] - we read the mean moduli in V and / at the median 
period. The mean distances in V and /, as shown in the respec- 
tive panels of Fig. [6] give a combined distance of (in - M) p0 = 
24.86 ± 0.06. 

The eight PI Cepheids, analyzed using the corresponding 
templet P-L relations of SMC, lead to the mean moduli in V 
and / as shown in Fig. |6^ & f and to a combined modulus 
of (m - M) pl = 24.88 + 0.06 in good agreement with the P0 
Cepheids. 

Yet the above assumption of zero internal absorption needs 
comment. The galaxy has a highly variable background, six 
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Fig.5. a) The P-C relation in (V-I) of WLM. Full dots are P0 Cepheids throughout, crosses PI Cepheids, and open diamonds 
excluded variables. The thick line is the P-C relation of SMC for P0, the thin line for PI Cepheids. - b) & c) The P-L relations 
in V and / of the same objects as in a). The full lines are the P-L relations of the P0 (thick line) and PI (thin line) Cepheids in 
SMC, shifted in magnitude to fit the WLM data. The similarity of the WLM and SMC Cepheids is apparent. - d) The internal color 
excesses E(V-I) of the P0 and PI Cepheids in WLM as a function of logP inferred from a comparison with the adopted SMC 
templets. - e) & f) The individual true distance moduli of the P0 and PI Cepheids as a function of log P inferred from a comparison 
of the true apparent V and / magnitudes with the corresponding SMC templets. The full line is a fit to only the P0 Cepheids; their 
equations are indicated at the bottom of the panels. The mean distances are read at the indicated median period f me d. 



Cepheids lying on heavy background and seven are far outly- 
ing, but the individual distances show no correlation with po- 
sition. This argues against internal absorption. In addition, the 
large scatter in the P-L relation for / cannot be explained by 
absorption because in this case the scatter in V would be even 
larger. The assumption of negligible internal absorption there- 
fore seems to be justified. 

The overall mean distance, including P0 and PI Cepheids 
an d V and / colors, is (m - M)° = 24.87 + 0.06, which we adopt. 

Mesc hin et al.l d2009l) compared only the V magnitudes of 1 1 
longer-p erio d P0 Cepheids with t he LMC P-L relations in V of 
PaperTH and iFouque et al.l (|2007). This has led to a somewhat 
large modulus of (m - M)° = 25.13 + 0.1 1. 

6. Sextans A and B 

The two Im dwarf galaxies Sextans A and Sexta ns B lie 
at the same TRGB distance (Tammann et al. 2008b, hereafter 
TSR08b) and are separated in projection by only ~ 200 kpc. 
Their recession velocities agree to within 25kms~ I , and they 
have ab out the same lumi nosity and equal, extremely low metal- 
licities (ISakai et al.l2 004). They form a pair, hence their Cepheid 
populations are merged here. 



The first Cephe i ds in Sextans A & B were discus sed by 
ISandage & Carlsonl dl982l Il985ah . iPiotto et al.l (1 19941) found 
some additional ones and gave mean BVI magnitudes for a total 
of 17 Cepheids (10 in Sextans A and 7 in Sextans B; 4 Cepheids 
have only B magnitudes). The variables P10, P15, and P25 in 
Sextans A and PI 7 in Sextans B are probably Ol pulsators. 
iDolphin et al.l d2003l) complemented the sample in Sextans A 
with 82 short-period Cepheids with V and / magnitudes, of 
which 39 are identified by the authors as P0 pulsators. In an 
earlier discussion, we treated the PI pulsators as P0 Cepheids 
and concluded that the P- L relations of Sextans A & B are much 
flatter than those of SMC (Sandage & Tammann 2008); an inter- 
pretation that cannot be maintained in the light of the new data. 

The colors (B-V)° and (V-lf of the P0 Cepheids are shown 
as dots (Sextans A) and open triangles (Sextans B) in Fig. [7^ 
& b. Crosses represent PI Cepheids. The P-C relations are very 
poorly determined because of the large scatter. Yet a compari- 
son of the individual colors with the P-C relation of SMC leads 
to E(B-V) and E(V-I) excesses. The latter are converted to 
E(B-V) and then averaged. The result is shown in Fig.[7J:. The 
mean excesses depend little on period and give an overall mean 
consistent with E(B-V) = 0.00. 
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Fig. 6. Same as Fig. [5] but for the Cepheids in the Pegasus dwarf galaxy. 



The B°, V°, and 7° magnitudes of the P0 Cepheids in 
Sextans A (dots) and Sextans B (open triangles) as well as the 
PI Cepheids of Sextans A (crosses) are plotted versus logP in 
Fig. [TJl to f. Of the seven Cepheids of Sextans B, six are taken 
as P0 pulsators, the seventh Cepheid may be a PI pulsator and 
is omitted. The templet P-L relations of SMC (from Sect. [2]) are 
shown as heavy lines. They are shifted in magnitude to provide 
an optimal fit to the data. The fit is as good as can be expected. 
The scatter about the templet lines is about the same as that of 
the SMC Cepheids. 

The B°, V°, and 7° magnitudes of the P0 Cepheids are com- 
pared with the P-L relations of SMC (Sect. [2]). This leads to their 
individual distances as plotted versus logP in Fig. [7^ to i. The 
distances depend slightly on period, but the effect is barely sig- 
nificant; we assume, as before, the mean distance moduli read 
at the median period of the Cepheids as a reasonable compro- 
mise. The mean distances in V and 7 agree well. The mean 
modulus in B is significantly lower, but is based on only 13 
Cepheids. The number-weighted mean over the three colors is 
(m-M) p0 = 25.60 + 0.05. 

The 43 PI Cep heids with V° and 7° magnitudes from 
al] (120031) are compared with the appropriate P-L re- 



Dolphi 



in et ; 



lations of SMC, shown as thin lines. The resulting individual 
distances are plotted versus log P in Fig. [7fr and i (crosses). 
They yield a mean modulus of (m - M) pl = 25.59 + 0.03 in 
agreement with the P0 data. We adopt for the common distance 
modulus of Sextans A & B (m - M)° ex = 25.60 + 0.03, which 
is the mean of the distances of the P0 and PI pulsators. - If 
Sextans A and Sextans B are treated separately, one finds an 
overall modulus of (m - M)° = 25.63 ± 0.03 for Sextans A and 



(m - M)° = 25.53 + 0.10 for Sextans B. The statistical agree- 
ment of these two numbers justifies the combination of the two 
galaxies into one data set. 

Previous result s for the true Cep heid modulus of Sextans A 
are 25.71 + 0.2 dPiotto et al] 1 19941 including Sextans B) and 
~ 25.87 + 0.15 (ISakai et alJ ll996irThe value of 25.66 + 0.03 
of Dolphin et al ] (120031) is based on the zero-point of SMC, ad- 
justed here to (m-M)^ MC = 18.93. The authors converted their V 
and 7 magnitudes into Wesenheit magnitudes, which in this case 
is not objectionable provided that the low-metallicity Cepheids 
in Sextans A and SMC indeed have identical colors. 

If the present interpretation is taken at face value, that the 
P-C and P-L relations of Sextans A&B are at least similar to the 
ones of SMC, it follows that below a certain limit of [0/H];r c ~ 
8.0 the form and the zero-point of these relations become quite 
insensitive to metallicity changes of a factor of ~ 3. 



7. Leo A 



Dolp hin et alJ (120021) determined the mean V and R magnitudes 
for the first 66 unambiguous classical Cepheids in Leo A, of 
which the authors classified 19 as P0 and 38 as PI pulsators. The 
P0 Cepheids have periods of between 0.86 and 2.13 days, and 
the PI Cepheids of between 0.46 and 1 .22 days . Thes e are the 
shortest-period Cepheid s known. |Dolphin et al.l ( 20021) explain 
their high frequency - as Sandage & Carlson ( 1985b) did before 
in the case of WLM - by the metal-dependent size of the evolu- 
tiona ry loops that feed t he instability strip (see Hofm eTsteril 1 9671 
and iBecker et alJfl977h . The absence of Cepheids with longer 
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Fig. 7. Analogous to Fig.[4]but for Cepheids in Sextans A&B and augmented here with B and (B-V) data. 



periods is the result of the sp ecific star formation rate and the 
small sample size according to Dolphin et al. (2003). 

The P-L relations in V, corrected for Galactic absorption, of 
the P0 (dots) and PI (crosses) Cepheids are shown in Fig. [8^. 
The data can be described well by shifting the templet relations 
of SMC in apparent magnitude. We note that the P0 templet is 
defined down to only ~ 1 day and the PI templet down to 0.6 
days. The P-L relations in R are not helpful because the cor- 
responding data for SMC are unavailable. It must therefore be 
assumed that the internal absorption is negligible, which seems 
plausible in the light of the preceding dwarf galaxies. 

The individual distances of the P0 and PI Cepheids follow 
directly from a comparison of their V° magnitudes with the cor- 
responding calibrated P-L relations of SMC. The dependence 
of the resulting distances on logP is insignificant as seen in 



Fig.jSJ) & c. The mean distance modulus, read at median period, 
is (m - M) p0 = 24.67 + 0.05 and (m - M) pl = 24.55 + 0.02. We 
adop t the number-weigh ted mean of (m - M)° = 24.59 + 0.03. 

iDolphin et all J20031 Table 3) found for P0 and PI Cepheids 
(m - M)° = 24.66 and 24.54, respectively (adjusted to (m - 
M)smc - 18.93) in excellent agreement with the present result. 

8. Discussion of distances 

The basic assumption of using Cepheids as distance indicators 
is that they have the same color (for the determination of the 
reddening) and luminosity at a given period. The minimum con- 
ditions for this are that they pulsate in the same mode and that 
their metallicity is equal. Whether additional conditions (such as 
equal He content) should be fulfilled remains an open question. 
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For every metallicity, one ideally requires a corresponding 
templet galaxy with well defined P-C and P-L relations and 
an independently known distance. At present, only the Galaxy, 
LMC, and SMC fulfill these conditions to serve as templets. 
Their remaining distance errors of 0.05-0.10 add to the sys- 
tematic distance error of other galaxies. 

The original goal of the present paper was to compare the 
P0 Cepheids of IC 1613 with those of the SMC because the two 
galaxies have, within the errors, the same metallicity. The same 
holds for the Cepheids of the Pegasus dwarf galaxy, which were 
therefore included. On the basis of the equal metallicities, it is 
expected that the three sets of Cepheids define very similar P-C 
and P-L relations. As shown above, the expectation is fully con- 
firmed. The next step was to also include the Cepheids in WLM, 
the galaxy pair Sextans A & B, and Leo A, although they are 
more metal-deficient than SMC by factors of 1.7, 3, and 4, re- 
spectively. In spite of this, no significant differences were found 
between their P-C and P-L relations and those of SMC. This 
suggests that for very low metallicities ([O/H]^ < 8.0) even 
substantial variations in the metallicity have only mild, if any, 
effects on the P-C and P-L relations. This is surprising in as 
much as the metallicity increase of a factor of 2.3 from SMC 
to LMC causes striking differences between the P-C and P-L 
relations, e.g. the overluminosity of the LMC Cepheids, their 
relative paucity below log P = 0.4, and the break of the LMC 
relations at logP = 0.9 instead of 0.55 in SMC (see Fig. [TOl 
below). 

The near equality of the properties of the Cepheids in the 
present sample suggests that the errors of the adopted distances 
in Table|4]are caused mainly by statistics and the zero-point error 
of the SMC. 

Yet the slopes of the P-C and P-L relations of two galaxies 
are hardly ever identical - be it for intrinsic or statistical reasons. 
Any slope difference of the P-C relations of the galaxy under 
investigation and the galaxy used as a templet will lead to color 
excesses that vary with period. This is not a serious problem in 
the present case because all excesses are vanishingly small. 

In addition, any slope differences between the P-L relation of 
the galaxy under investigation and the templet P-L relation will 
cause the distances of individual Cepheids to depend on period. 
If the former has the slope p\ ± e\ and the latter an observed 
slope of p2 + €2, then the slope of the (m - M) - log P relation 
will have the slope n — p\ — p2 with a seemingly small error of 



+62 because the templet is assumed to be error-free. In princi- 
ple, the problem cannot be solved because the slope differences 
may be real. Nevertheless, if we assume that the majority of the 
sample Cepheids follow the templet P-L relation, the best mean 
distance is read at their median period. This is justified, however, 
only if the templet P-L relation is well defined at this period, 
which is the case for the present sample of galaxies. The prob- 
lem is aggravated whenever the centers of weight of the test and 
templet Cepheids lie at different periods, as happens frequently 
for more distant galaxies that are biased toward longer-period 
Cepheids. All published Cepheid distances w e tested exhibit th e 
dependence of the modulus on logP (see e.g. Saha et al . 2006), 
which adds to the external error in the Cepheid distances more 
than is generally acknowledged. 

In view of the possible remaining systematic errors, it is 
important to test the derived Cepheid distances in the light of 
independent distance determinations. The most reliable alter- 
native distance indicators are RR Lyr stars and the tip of the 
red-giant branch (TRGB). The available data are compiled in 
Table|U The P0, PI, and adopted Cepheid distances and their es- 
timated internal errors are repeated from Sects. [3]|7] The RR Lyr 
distances are taken from TSR 08al The TRGB distances were 
compiled by TSR 08b and augmented here by some additional 
sources (Lee et al. 1993; Aparicio 1994; Minniti, & Ziilstra 



1997; Mendez et al. 2002; Dolphin et al. 2003; Tully et al. 200f 



Meschin et al. 2009; Dalcanton et al. 2009). In total, 22 mea- 



surements of the TRGB were used for the five galaxies in 
Table [4] They are homogenized to a common zero-point of 
M! °p GB = -4.05 as determined from 19 RR Lyr d i stance s 
(TSR08a) and independently confirmed by Rizzi et alJ (I2007h . 
Although theory predicts that the TRGB depends somewhat on 
metallicity, the sign of the correction remains under discussion. 

The comparison in Table [4] is surprisingly good. P0 and PI 
distances agree on average to within 0.01 + 0.04 mag. The two 
RR Lyr distances deviate from the corresponding Cepheid dis- 
tances by only +0.01. The mean difference between the Cepheid 
and TRGB distances is (A(m - M)> = 0.00 ± 0.03. The null 
result not only supports the adopted zero-point distance of 
SMC, but provides a consistency check of the Population I and 
Population II distance scales. The rms of the distance differences 
is <J( m -M) = 0.07 mag. Even if one allows a value as low as 0.05 
for the random error in the TRGB distances , the random exter- 
nal error in the Cepheid distances is not more than 0.05 mag. 
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Table 4. Comparison of Cepheid distances with RR Lyr and TRGB distances. 
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Fig. 9. Composite P-L relations in M B , M v , and M ; of the P0 Cepheids in IC 1613, WLM, Sextans A&B, the Pegasus dwarf, and 
Leo A using their adopted distances. The dashed lines are regressions to the Cepheids with log P % 0.55; their equations are given 
at the bottom of each panel. The full lines are the corresponding P-L relations of SMC. The two lines in each panel are almost 
congruent. 



9. Results and conclusions 

The P0 Cepheids in IC 1613, WLM, Pegasus, Sextans A&B, 
and Leo A (excluding SMC) are combined into composite P- 
L relations in B, V, and /, adopting the respective Cepheid 
distances derived in Sects. [3]|7] (Fig. [9). The resulting P-L re- 
lations, whose equations are at the foot of Fig. |9j are indis- 
tinguishable from those for SMC. Over the period interval of 
0.2 < logP < 1.2, the P-L relations of SMC and the five sam- 
ple galaxies agree to better than 0.02 mag in V and /. In B, with 
fewer variables the agreement is not quite as good. In addition, 
the PI Cepheids define closely agreeing P-L relations for SMC 
and the combined sample of five galaxies. This proves - in agree- 
ment with our prediction - that the P-L relations of SMC hold 
for the equally metal-poor galaxies IC 1613, WLM, and Pegasus 
and even for the still more metal-poor Sextans A&B and prob- 
ably also for Leo A. (In the case of Leo A, the comparison is 
restricted to Cepheids with logP < 0.4). The low-metallicity 
galaxies are therefore part of a family with (nearly) equal P-L 
relations. This holds of course also for the P-C relations, which 
are nothing else but the difference of the respective P-L relations. 

Cepheids of higher metallicity, such as those in LMC and 
the Galactic Cepheids in the solar neighborhood, have distinctly 
different P-L and P-C relations. For convenience, the coefficients 
of the relevant equations for the P0 Cepheids are compiled here 
in Table [5] following the scheme x = alogP + b. The equations 
for SMC a nd LMC follow from Sect. [2] The G alactic equations 
come from Paper I and the revision in PaperTl 



The steep slopes of the Galactic P-L relations from Paper I 
and II corresponds t o data for C epheids in Galactic clusters 
and OB associations dFeastll 19991) as well as Baade-Wesselink- 
Becke r distances by Fouqueetal. (2003) and iBarnes et al.l 
d2003l) . the two fully independent methods leadi ng to the same 
result. Criticism of the result was discussed by TSR08b. The 
P-L relations of metal-rich Cepheids will be discussed in more 
detail in a forthcoming paper; it is possible that they experience 
a break at long periods (log P ^ 1 .6), but this is irrelevant here. 

The observed P-L relations of LMC are closely matched - 
including the break a t ~ 10 d - by theoretic al P-L relations based 
on pulsation models dMarconi et al.ll2005t) . The same models do 
not show a break at higher metallicities in agreement with the 
Galactic P-L relations adopted here. 

iMarconi et al.l d2010i) also derived theoretical P-L relations 
for ultra-low metallicities. They have no break and are somewhat 
flatter than in SMC up to logP = 0.55, but are much steeper 
beyond that point. The comparison may not be justified because 
the adopted metallicity (fO/H]~ 7.0) is lower than in SMC and 
even Leo A. 

To illustrate the difference between the Cepheids in SMC, 
LMC, and the solar neighborhood, the P-C and P-L relations of 
SMC and LMC are plotted relative to those of the Galaxy in 
Fig. [10] In each panel, the Galactic relations are taken as refer- 
ence and the differences in color and absolute magnitude of the 
Cepheids in the other two galaxies are shown as a function of 
log P (in the sense x L mc/smc - ^Galaxy). 
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Table 5. Coefficients of the relevant P-C and P-L relations for PO Cepheids. Slope coefficients that agree to within 1 cr are underlined. 



SMC" LMC 2) Galaxy 

[0/H]=7.98 [0/H]=8.36 [0/H]=8.62 

log P < 0.55 log P > 0.55 log P < 0.9 log P > 0.9 

a b a b a b a b a b 



(B- 


vf 


0.191 
±0.021 


0.339 
±0.005 


0.415 
±0.020 


0.188 
±0.018 


0.306 
±0.020 


0.330 
±0.012 


0.435 
±0.029 


0.199 
±0.036 


0.366 
±0.015 


0.361 
±0.013 


(V- 


if 


0.166 
±0.018 


0.511 
±0.005 


0.311 
±0.016 


0.413 
±0.014 


0.201 
±0.017 


0.474 
±0.010 


0.345 
±0.024 


0.331 
±0.030 


0.256 
±0.017 


0.497 
±0.016 


K 




-3.007 
±0.076 


-0.728 
±0.022 


-2.091 
±0.071 


-1.306 
±0.063 


-2.491 
±0.067 


-1.083 
±0.040 


-2.021 
±0.100 


-1.576 
±0.123 


-2.692 
±0.093 


-0.575 
±0.107 


K 




-3.203 
±0.060 


-1.071 
±0.018 


-2.531 
±0.056 


-1.466 
±0.050 


-2.787 
±0.048 


-1.414 
±0.029 


-2.505 
±0.074 


-1.713 
±0.091 


-3.087 
±0.085 


-0.914 
±0.098 


m; 1 




-3.374 
±0.046 


-1.577 
±0.013 


-2.842 
±0.043 


-1.872 
±0.038 


-3.008 
±0.032 


-1.880 
±0.019 


-2.812 
±0.057 


-2.076 
±0.069 


-3.348 
±0.083 


-1.429 
±0.097 



Notes. " adopted at (m - M)° SMC = 18.93 (TSR08b, Table 6); 2) adopted at (m - M)° LMC = 18.52 (TSR08b, Table 7) 



0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0 




logP 

Fig. 10. a) The P-C relation in (B—V) of P0 Cepheids in both the very metal-poor SMC and the relatively metal-poor LMC relative 
to the metal-rich Solar neighborhood, b) Same as a) but for (V-/). c) - e) The P-L relations in B, V, and /, respectively, of the P0 
Cepheids in SMC and LMC relative to the Solar neighborhood. The artificial spikes of the relations are due to statistical errors of 
the fits below and above the break. The lines are only drawn over the period range where they are well defined by observations. 



As seen in Fig. [lOji the LMC Cepheids are bluer in (B — V) 
than their Galactic counterparts by up to 0.09 mag at log P — 0.9. 
The color difference is even larger between SMC and the Galaxy, 
i.e. 0.13 mag at logP = 0.55. The red color of the Galactic 
Cepheids is due to their lo wer temp erature and the blanketing 
effect of the metal lines (see PaperJJ). 



The color differences in (V-I) between the three galaxies 
in Fig.flOb are smaller. The LMC Cepheids are bluer than in the 
Galaxy by up to 0.08 mag. Unexpectedly, the SMC Cepheids are 
redder than in LMC, yet still bluer than those in the Galaxy by a 
marginal amount of 0.04 mag or less, depending on period. 

The P-L relations in B, V, and / of LMC and SMC are plot- 
ted relative to the Galactic P-L relations in Fig. [TOb-e. The re- 
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lations of LMC and SMC have similar characteristics and dif- 
fer mainly in the zero-point, but they are both much flatter than 
in the Galaxy beyond the break point. At logP = 0.6, LMC 
and SMC Cepheids are respectively brighter by 0.39 mag and 
0.37 mag than in the Galaxy, whereas at log P = 1.7 they are 
fainter by 0.14 and 0.29 mag, respectively. LMC Cepheids are 
brighter than in SMC by 0.15 - 0.20 mag, somewhat depending 
on period. The significant luminosity differences of the Cepheids 
in the three galaxies cannot be explained by errors in the adopted 
distances, which are on the order of 0. 1 mag. In addition, it is 
impossible to explain the different slopes of the P-L relations by 
distance errors. 

We note that some of the slopes of the P-L relations in 
Table [5] show striking agreement. The slopes of SMC and LMC 
are essentially identical in B, V, and / above the break points, 
and the short-period SMC P-L relation in I has the same slope 
as Galactic Cepheids. In addition, the slopes of the P-C relations 
of SMC and LMC are the same to within ~ Icr for log P > 0.9. 

The Cepheids designated here as low-metallicity objects 
comprise in fact a wide metallicity range of 8.0 >[0/H]r e > 7.4. 
Their very similar P-L relations imply that they are quite insen- 
sitive at these low levels to metallicity changes. This is in sharp 
contrast to more metal-rich Cepheids where a change of only 
AfO/H]r e = 0.26 causes the pronounced differences between 
the LMC and Galactic P-L relations. 

The use of Cepheids as distance indicators has been extended 
here to include fundamental-mode (P0) and first-overtone (PI) 
Cepheids with the shortest periods known. Among the known 
Cepheid population of the SMC, 47% of the P0 pulsators have 
periods less than log P = 0.4, extending down to log P = 0.0, 
and 37% are PI pulsators with periods down to logf = -0.2. 
The large number of these additional Cepheids makes them in- 
dispensable for accurate distance determinations. The distances 
derived here agree with independent RR Lyr and TRGB dis- 
tances to within a few 0.01 mag. 

Acknowledgements. We thank the referee, Dr. Francoise Combes, for very help- 
ful comments. 
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